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Numerical Analysis of Rotationally Symmetric
Shells under Transient Loadings

TROY ALVIN SMITH*
U. S. Army Missile Command, Redstone Arsenal, Ala.

This report involves the development of procedures for determining the dynamic response of
rotationally symmetric open ended thin shells of revolution under time dependent distributed
impulsive and thermal loadings. The solution is restricted to thermal loadings which are
small in the circumferential direction but which may vary in any manner in the meridional
direction of the shell. Inertia forces are considered in a direction normal to the middle sur-
face and in a direction along the meridians of the shell. Time dependent boundary condi-
tions may be prescribed at each of the two edges of the shell. The field equations are derived
in the form of eight first-order partial differential equations with respect to the meridional
direction of the shell. The solution for each Fourier harmonic is obtained by employing
finite difference representations for all time and spatial derivatives. The complete system of
equations is solved implicitly for the first time increment, whereas explicit relations are used
for the meridional and transverse displacements for the second and succeeding time incre-
ments. The developed equations have been programmed in FORTRAN IV language for solu-
tion by computer. Solutions obtained with this program for typical shells and loadings are
found to be stable and in agreement for a range of values of the space and time increments. It
is concluded that the finite difference methods employed here constitute a most expeditious
procedure for obtaining reliable and accurate values of the response histories of rotationally
symmetric shells of revolution under transient loadings.
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distance from an arbitrary origin along meridian in
positive direction of <j>

temperature increment and temperature resultants
independent time variable
increment of the time variable t
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components of displacement of middle surface of
shell
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distance of point on middle surface of shell mea-
sured from origin along axis of symmetry

increment of the space variable z
coefficient of thermal expansion of shell material
angles of rotation of normal to middle surface of

shell
0* X 106

weight of shell material per unit volume
coordinates of any point of shell
Poisson's ratio

Introduction

THE determination of the dynamic response of a general
shell of revolution subjected to time dependent distributed

surface and thermal loadings and with arbitrary time de-
pendent boundary conditions constitutes a rather involved
assignment. No known closed form solutions for the general
shell even in the absence of thermal loadings were found dur-
ing a survey of the literature on the theory and analysis of
shells. Indeed, no known closed form solutions were found
for the general shell even under static loads. However,
several investigators have successfully solved the static prob-
lem of a general shell by numerical methods.

These investigators include Penny,1 who solved the sym-
metric bending problem of a general shell in 1961 by finite
differences; Radkowski, Davis, and Bolduc,2 who solved the
axisymmetric static problem in 1962 by finite differences;
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Fig. 1 Typical shell of revolution.

and Budiansky and Radkowski,3 who employed finite dif-
ference methods to solve the unsymmetrical static bending
problem in 1963. The solution to the static problem of rota-
tionally symmetric shells of revolution subjected to both
symmetrical and nonsymmetrical loading was obtained also
by Kalnins4 in 1964. Starting with the equations of the linear
classical bending theory of shells, in which the thermal effects
were included, he derived a system of eight first-order ordinary
differential equations which he solved by direct numerical in-
tegration over preselected segments of the shell. Gaussian
elimination was used to solve the resulting system of matrix
equations obtained by providing continuity of the funda-
mental variables at the segmental division points. In 1965,
Percy, Pian, Klein, and Navaratna5 also developed a finite
element technique for the analysis of shells of revolution un-
der both axisymmetric and asymmetric static loading by
idealizing the shell as a series of conical frusta.

The solution for the free vibration characteristics of rota-
tionally symmetric shells with meridional variations in the
shell parameters by means of his multisegment direct numeri-
cal integration approach was also obtained by Kalnins6 in
1964. Subsequently, in 1965, the solution for the response of
an arbitrary shell subjected to time dependent surface load-
ings was obtained by Kraus and Kalnins7 by means of the
classical method of spectral representation. The solution was
expanded in terms of the modes of free vibration as deter-
mined previously by Kalnins,6 and the orthogonality of the
normal modes was proved for an arbitrary shell.

In 1966 Klein8 also published an article in which he de-
scribes a matrix displacement finite element approach to the
linear elastic analysis of multilayer shells of revolution under
axisymmetric and asymmetric dynamic and impulsive load-
ings. The method of solution involves the idealization of the
shell as a series of conical frusta joined at nodal circles.

The solution for the dynamic response of a circular cylin-
drical shell with constant geometric and material properties
and under isothermal conditions was also obtained in 1966 by
Johnson and Greif9 for the case of linear elastic shell response.
These authors represented the field equations in the form of
four second-order partial differential equations with respect
to the meridional direction of the cylinder and obtained solu-
tions for each Fourier harmonic by employing finite difference
representations for both the time and the meridional coordi-
nate derivatives. They obtained and compared solutions by
both the implicit and the explicit methods.

None of the aforementioned formulations, however, con-
tains all of the features necessary or desirable for the solution

of the general dynamic shell problem. In particular, the de-
sirability of being able to impose arbitrary time dependent
boundary conditions with maximum facility at each edge of
the shell, the time dependency of the thermal loadings along
the meridian of the shell, and the need of a capability to
analyze these general shells for rapid time fluctuations in the
loading dictate that a general and more flexible method of
analysis be utilized. This general and more flexible method
of analysis involves the finite difference methods to be dis-
cussed in the present report.

Governing Differential Equations

The development of our system of governing equations will
be based upon the linear classical theory of shells as given by
Reissner.10 In the development of our equations, only sur-
face loadings and inertia forces normal to the middle surface
and along the meridians of the shell will be considered. Sur-
face loadings and inertia forces in the circumferential direc-
tion of the shell and all rotary inertia terms will be neglected.

The geometry and coordinate system for the middle surface
of our shell is shown in Fig. 1. Shell element membrane and
shear forces are shown in Fig. 2, and shell element bending
and twisting moments are shown in Fig. 3.

The position of any point on the middle surface of the shell
may be defined for convenience in terms of the three inde-
pendent coordinates 0, z, and t. The principal radii of curva-
ture of the shell may be expressed as

«,= -[! + (/V)2]3/2A,2, (la)

Re = r(l + (r,.)2]1/2 (Ib)

To account for variation of temperature through the thick-
ness, it is convenient to introduce temperature resultants by
integrating the temperature distribution through the thick-
ness. Following Kalnins,4 these resultants are

To(6,z,t) = (l/h)

—h/2

T(6,z,p,t)dp

PT(e,z,p,t)dp

(2a)

(2b)

In defining the material properties of the shell mathe-
matically, we consider only the effect of the thermal loadings
on the values of the quantities E, v, and a. These quantities
depend upon the temperature increment T. Since T =
T(6jZjpjt)y it is convenient to base the values of E, v, and a
upon the temperature resultant T0. If TQ — To(OjZ,t), we can-
not obtain uncoupled solutions to our equations when the
effect of the thermal loadings on the quantities E, v, and a
is considered. For thermal loadings which are axisymmetric,
TO = TQ (z,t), and our equations become uncoupled for the
separate Fourier components of loading. We thus have two
separate cases of thermal loadings to consider. For the first

Fig. 2 Shell element membrane and shear forces.
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case, in which T0 = To(0,z,t), we neglect the effect of the
thermal loadings on E, v, and a and assume that

E = const v = const a = const (3)

For the second case, in which T0 = T0 0,0, we consider the
effect of thermal loadings on E, v, and a and have

E = #0,0 v = a = o:0,0 (4)

The field equations are of order 8 with respect to the co-
ordinate <t>. Kalnins4 has shown that this system may be
reduced to a system of eight first-order equations in the eight
unknown quantities which enter into the natural boundary
conditions at $ = const. In the classical theory of shells, the
quantities which appear in the natural boundary conditions
on a rotationally symmetric edge of a shell of revolution are
the generalized displacements u<f>, ue, w, and fa and the general-
ized forces N<i>, M$, N, and Q. The quantities N and Q are
the effective shear resultants and are defined as

= Ne<t> +

Q = Q* +
(5a)

(5b)
The system of equations obtained by following the proce-

dure used by Kalnins4 involves the three independent vari-
ables 6, Zj and t. To reduce the system to the two independent
variables z and t, we express all loadings and dependent vari-
ables in the circumferential direction of the shell in the form of
Fourier series expansions. We will truncate these infinite
series at a finite number of terms for the solution of specific
shell problems.

The Fourier series representations of the loadings are
p

= Z
n=0

0,0 Z P*» 0,0 si

n=l

p p
m<t> = Z m<t>" 0,0 cosn0 + Z ™<t>n 0,0 sinn0 (7)

rc = 0 w = l

p p
p = Z P» 0,0 cosn0 + Z P» 0,0 sinn0 (8)

7i = 0 7i=l

P P
^o = Z Ton 0,0 cosn0 + Z T0n 0,0 sinn0 (9)

n=0 n = l

P P

Ti = Z 2Ti» 0,0 cosn0 + Z Tin 0,0 sinn0 (10)
71 = 0 71= 1

The Fourier series representations of the fundamental
variables in our governing equations are

p p
w = Z wn 0,0 cosn0 + Z ^» (z& sinn^ (H)

u<t>n 0,0 cosn0 + M) sinn0 (12)
71=1

P

& = Z &- 0.0 cosn0 + Z &» 0,0 sinn0 (13)
n = 0 n=l

P P _
* = Z N*n 0,0 cosn0 + Z #*n 0,0 sin/10 (14)

n=0 n = l
P P _

* = Z ^"0n 0,0 cosn0 + Z ^*» 0,0 sinr&0 (15)
n=0 n = l

P P

Q = Z Qn 0,0 cosn0 + Z Qn 0,0 shm0 (16)
n=0 n = l

P P
W0 = Z uen 0,0 sin?i0 + Z ^» 0,0 cosn0 (17)

n = l n=0
P P

^ = Z Nn 0,0 sinn0 + Z #» 0,0 cosn0 (18)

Fig. 3 Shell element bending and twisting moments.

The stress resultants other than the fundamental variables
will be represented as

No = Z Nen 0,0 cosn0 +

n = 0

P

= Z

CM) sinn0 (19)

_

Z ^n 0,0 sinn0 (20)

Z Q*n 0,0 sinn0 (21)
n = l

P P

- Z Net* 0,0 sinn0 + Z ^n 0,0 cosn0 (22)
n = l n=0

P P _
= Z Me** 0,0 sinn0 + Z Me^ 0,0 cosn0 (23)

n = l n=0

P P

Qe = Z &» 0>0 sinn(? + Z
n = l n = 0

(24)

With this representation of the loadings and variables, we
obtain P + 1 separate decoupled systems of equations in the
two independent variables z and t. The details of the deriva-
tion are given in Ref. 11 but are omitted here for the sake of
brevity. In developing our final equations we have deleted
certain terms which should not appear if we maintain con-
sistency with our previous assumption which entered into the
development of the strain-displacement relations, namely
that the shell is sufficiently thin that the quantity 1 +
Ji2/I2r2 can be taken to be equal to unity. We note also that
we obtain two separate sets of equations, one set for the
variables which are not designated with a bar and another set
for the variables which are designated with a bar. Here and
elsewhere in the sequel, where double signs occur in the equa-
tions, the upper sign is to accompany the first set of equations
and the lower sign is to apply to the second set. Single signs
will of course apply to both sets. The desired field equations
for each Fourier harmonic are

wn,t =

(l/K s

(n/r s

(v n + (l/D s

(25)

+•
^)!Ton (26)

- v)K sin*]^n (27)

f)Ti» (28)
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v)K]wn

(1 - iO cos*[(l + j?)/r - fl^
(w/r sin*)A^n - (2 cot*/r)A7« ±

=F (1 - j>2)(na/r) X
(29)

cos2* + (1 + v)Kr* sin2*K +
cos*[(l + *>)# -

± (1 - iO(n/r2)[(l + i>) X
(n2D/r2) + (1 + *>)#]^« + n2D(l - ?) X

(3 + »)(cot*/r3)/^n - (cot*/r)Qn

(m2/r2 sin*)M0n =F (2nD
(1/sin*)^ - (1 - v*)(a/

X

(30)
= (1 - »)(cos*/r2)[(l + V)K -

cos* cot* + (n2Z)/2)Ji2 sin*]

sin*)Qn - (1 - =F (n/r si
cot*/r)!Fo»

(31)

z = (n2D cot*/r3)(l - ^)(3 + *0wn -
(n2D/!/r2)(l - ^)u0n db (1 - v)(nD cos*/r2) X

[(1 + v)(\/r) - H^uen + (1 - y) X
(D/r2 sin*) [(1 + ?) cos2* +

(l/sin*)Qn T (2nD/Kr*)Nn - (1 - 1/)
(l/sin*)m0n - (1 - v2)(«D cot*/r)!Tln (32)

The equations for the Fourier components of the stress re-
sultants other than the fundamental variables are

Nen = vN+n + (1 - (± nuen +
cos* + wn sin*) — (1 - v2)aKTQn (33)

(n/r) sin*w0w + 00n cos*] - (1 - v*)aDTln (34)
= (1 - iO(D/2r)[=F 2n^n T (2n cos*/r)wn +

H cos*i/0n ± nJutn] + (D sw<l>/Kr)Nn (35)
Q0n = ^(n/rjMen + Me^n,z sin* + (2 cos*/r)M^re (36)

AWn = ATn - (sin*/r)M00re (37)
60n = Qn =F (n/r)M^n (38)

To effect a finite difference solution of our system of equa-
tions, it will be convenient to have the generalized forces ex-
pressed in terms of the generalized displacements and load-
ings. After expanding all of the dependent variables and
loadings in Fourier series and deleting derivatives of material
parameters and TI with respect to the coordinate z from our
equation for Q, we obtain
Nn = (1 - */)(cos*/2r)[(D sin*/r)(# -

sin*/r) - K]uen + (1 - *0(sin*/2) X
[(D sin2*/r2) + K]uen,z T

(1 - v)(nK/2r)u4)n =f (1 - v)(nD sin*/2r2)^n =F
(1 — v)(nD sin* cos*/r3)wn ±

sin2*/2r2)wn,z (39)

- (3 - *>) X
(nZ)cps*/r2)

(3 -
(nD sin2*

(cos2*/r)
(vn/r)uen

(v/r)(utn cos* + w?n sin*)] - «(1

(v

Conversion of Equations to
Finite Difference Form

(40)

(41)

(42)

The analysis of our shell of revolution now consists of the
solution of the system of Eqs. (25-32) subject to the initial
conditions and to the boundary conditions for each Fourier
component of loading and a summation of the results to ob-
tain the values of the eight fundamental variables. Values of
the stress resultants other than the fundamental variables may
then be obtained by summing the results for the Fourier com-
ponents given by Eqs. (33-38).

To solve the aforementioned system of equations for each
Fourier component of loading we replace all unknown de-
rivatives in the equations by their finite difference equivalents
to obtain a system of algebraic equations which may be ap-
plied at successive increments of the time variable. If the
shell meridian is divided into AT increments, we obtain 8(N —
1) algebraic equations in the coordinate z by writing Eqs.
(25-32) at each of the N — 1 interior points on the shell
meridian.

We have four additional equations in the coordinate z in-
volving the four prescribed boundary values at each of the
boundaries ZQ and ZN. Thus, we have a total of SN algebraic
equations and must supplement them with eight additional
independent equations to effect a solution for the 8 (AT + 1)
unknown quantities. We choose for the eight additional
equations the . relations given by Eqs. (39-42) evaluated at
each of the boundaries ZQ and ZN.

By representing the initial velocities by finite central dif-
ferences and by representing the accelerations at time ti by
finite backward differences, we obtain the final expressions for
the accelerations at time t\ to be given typically by

(43)

For times t > tQ + 2A£, we represent the accelerations in
Eqs. (30) and (31) more accurately by finite central differ-
ences about t — A£. The expressions for the accelerations at
time t — A£ are typically

wn(z,t - 2AQ - 2w*(z,t - At) + Wn(z,t)—————————— ——.. , ,wn(z,t - M) -

(44)

The first derivatives which appear in Eqs. (25-32) and in
Eq. (36) when applied within the boundary edges of the shell
will be represented typically as

/V* = [/M* + Az) - P*n(z - Az)]/2Az (45)
The first derivatives at the boundaries of the shell in Eqs.

(39-42) and in Eq. (36) will be represented typically as

(46)

The second derivatives at the boundaries of the shell in
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Eq. (40) will be represented as

(47)
In order to produce more nearly equal coefficients of the

eight dependent variables in our system of equations, we also
define a new set of displacement variables as follows:

wn(z,t) = wn*(z,t) X 10

z,t) =
X 10~6

X 10-8

(48a)
(48b)
(48c)

) = /V(M) X 10-6 (48d)
We define new quantities E°, Z>°, and K° as follows:

E° = E X 10 ~6

D° = D X 10 ~6

K° = K X 10-6

(49a)
(49b)
(49c)

We convert our field equations to finite difference form for
the first time increment by substituting Eqs. (43) and (45)
into the system of equations (25-32) and using Eqs. (48) and
(49) . We express Eqs. (39-42) in finite difference form for the
boundaries ZQ and ZN by substituting the appropriate deriva-
tives given in the form of Eqs. (46) and (47) into Eqs. (39-
42). Together with four equations involving the prescribed
boundary values at each boundary of the shell we thus obtain
8 (TV + 1) algebraic equations, the solution of which, when
used in conjunction with Eqs. (48) and (49), yields the
8 (2V + 1) unknown quantities for the shell for each Fourier
component n at the time t\.

To convert our field equations to finite difference form for
the second and subsequent time increments, we employ the
relations defined by Eqs. (48) and (49) and substitute Eqs.
(44) and (45) into the system of Eqs. (25-32). From the re-
sulting system of equations we obtain explicit expressions for
wn(z,t) and u^Zjt) on the interval zt ^ z ^ zN-i and for
P<j>n(z,t) on the interval 22 ^ 2 ̂  2jy_2. From the remainder of
our system of equations, consisting of Eqs. (26-29) and (32)
expressed in finite difference form for each interior point, Eq.
(25) written in finite difference form at z\ and ZN-I, four equa-
tions involving the prescribed boundary values at each
boundary, and Eqs. (39-42) evaluated at each boundary in
finite difference form after using Eqs. (48) and (49), we obtain
[5 (N — 1) + 2] + 16 simultaneous algebraic equations.
The solution of this latter group of equations, when used in
conjunction with Eqs. (48) and (49), yields the remaining
[5(N — 1) + 2] -f- 16 unknown quantities for the shell for
each Fourier component n at time t.

The algebraic relations for the Fourier components of N0,
Me, MQ$, Ne<f>, and Q<f> are given respectively by Eqs. (33-35,
37, and 38). We obtain the finite difference relations for
Qon by substituting the appropriate derivatives given in the
forms of Eqs. (45) and (46) into Eq. (36). The governing
finite difference equations described herein for both ti and t
are given in Ref. (11) but are omitted here for the sake of
brevity.

Selection of Meridional and Time Increments for
Solution of Finite Difference Equations

In the solution of our system of finite difference equations'
choices must be made for the increments Az and A£. For the
solution of the finite difference equations to converge to the
true solution of the differential equations which they repre-
sent, it is necessary that these increments be chosen so that
the solution of the finite difference equations is stable.

Methods for determining necessary and sufficient condi-
tions for stability of solution are well established for systems
of partial differential equations with constant coefficients and

simple periodic boundary conditions. However, the develop-
ment of tractable procedures for determining the stability
limits for general systems of finite difference equations is in a
relative state of infancy. Thus, in the present analysis, we
will determine by trial for each shell to be analyzed appropri-
ate choices of increments A£ which may be used with a given
increment Az to obtain stable solutions. For any given incre-
ment Az we expect a limited range of values of AZ for which
stable solutions will be obtained.

The selection of an increment Az will be based on the re-
quirement that the finite difference solution for the static
problem must converge to the true solution of the differential
equations. We thus need only to choose the increment Az
to minimize truncation and possibly round-off errors. We
expect round-off errors to be significant as Az approaches
zero, and truncation errors will be significant if Az is chosen to
be too large. Upon the basis of static solutions obtained for
typical shells, it appears that sufficiently accurate solutions
are usually obtained if the increment Az is chosen to be from
one to two times the thickness h of the shell. Furthermore,
the choice of an increment Az within this range will take
account of the exciting of vibration modes of relatively short
wave lengths for the dynamic shell problem. We will there-
fore choose the increment &z to lie within this range for the
solution of our finite difference equations for the dynamic
shell problem.

In the choice of a time increment AZ, the following three
considerations are necessary, a) The increment must be suf-
ficiently small to closely represent the loadings, b) The in-
crement must be a small fraction of the period of the highest
significant vibration mode which is excited by the loading in
order that the history of the shell response may be adequately
tracked, c) The increment must be of the proper magnitude
to produce, in conjunction with the chosen meridional incre-
ment A2, a stable solution to the system of finite difference
equations.

In satisfying these three considerations, we wish to choose
the increment A£ to be as large as possible in order to mini-
mize computation time. In regard to the first consideration,
we determine a suitable range of values of At by a study of
the loading versus time functions. In regard to the second
consideration, we expect that the significant response of the
shell will usually be governed by the first few of the lower
modes. We associate with each Fourier component n a family
of modes consisting of the fundamental mode and the higher
modes. We expect the frequency of the fundamental mode
for n = 0 to be somewhat higher than the fundamental fre-
quencies for the next few values of n. For some small value
of n, however, we obtain a minimum value of the set of
fundamental frequencies. For greater values of n, we expect
the magnitude of the frequencies to increase with increased n.
Thus, in our analysis, we will determine with reasonable ac-
curacy by Rayleigh's method only the fundamental periods of
vibration for n = 0 and for the highest Fourier component n
which we use to represent the loadings and fundamental vari-
ables. We will then make our choice of At by a direct con-
sideration of only the one of these two Fourier components
which has the highest fundamental frequency. We will
choose At to be some small fraction of this shortest funda-
mental period with the expectation that the chosen At will
also be suitable to determine the response due to all other sig-
nificant modes. Thus, our initial choice of an increment At
will be the largest At considered both to represent the loading
versus time functions and to be suitable for determining the
response due to the significant vibration modes. In regard to
stability of the solution, we will analyze our shell with both
our initial choice of At and a second choice of At which is
smaller than the initial choice. If the two solutions agree at
corresponding times for the same increment Az, we accept
both solutions to be stable and valid. If the two solutions do
not agree, we will choose still smaller values of At until two
solutions are in agreement.
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Fig. 4 Typical cylindrical shell and loading.

To determine the frequency by Rayleigh's method, we
make a reasonable assumption of the extreme deflected con-
figuration of the shell during free vibration, thus reducing the
system to one degree of freedom. The frequency thus deter-
mined will be higher than the actual fundamental frequency
unless we assume the correct fundamental mode shape, in
which case the frequency will be determined precisely. Thus,
any A£ selected to be some fraction JJL of the calculated funda-
mental period will be a smaller fraction of the actual funda-
mental period. This is a desirable condition if the frequency
is not found exactly. We assume the extreme deflected posi-
tion of the shell during free oscillations to be that produced by
the Fourier component of loading for which yh is the coeffi-
cient acting statically in the directions of the coordinates wn
and u^n. With wn, u<f>n, and U0n used to represent the extreme
deflected position of the shell under this assumed loading, we
obtain the formulas for the fundamental frequencies to be

T. A, SMITH
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1 Illustrative example solutions for w(zu>t) at
6 = 0 with At = 0.125 X 10 ~5 see and
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(n = 0) (50)

)) V
;

N-l
<>) ]2 (Az/2)

With the circular frequency co determined from one of the
Eqs. (50) and (51), we choose an increment AZ for the solu-
tion of our system of equations to be

A* = 2M7r/co (52)
where ju is a parameter that we are free to select for each par-
ticular problem.

Results and Conclusions

The equations for the analysis of our shell were programed
in FORTRAN IV language and all typical solutions were ob-
tained on the IBM 7094 computer. This necessarily re-
stricted the size of the shell structures which were analyzed,
and in actual applications a larger computer will be required
for the analysis.

As an illustration of the results obtained from the solution
of our system of equations for typical shells we include here
the analysis of a cylindrical shell with the geometry and load-
ing shown in Fig. 4. We assume that the initial displace-
ments and velocities are zero. For the boundary conditions
we assume that w, u$, M^, and UQ are zero at z0 and that w,
N<t>, Mfa and u$ are zero at ZN. We assume a value of 30 X

(n > 1) (51)

106 lb/in.2 for E, a value of 0.284 lb/in.3 for 7, and a value of
0.30 for v.

Under the given loading and imposed boundary conditions,
all Fourier components designated with a bar are zero, and
only the equations containing the variables and loading
terms designated without a bar enter into the solution. We
obtain for illustrative purposes a sufficiently good representa-
tion of the loading by using only the Fourier components for
n = 0 through n = 4. Of these components, the one for n = 3
is zero. Thus, the four nonzero components entering into the
solution are pQ = -318.0, pi = -500.0, p2 = -212.0, and
p4 = 42.0 lb/in.2. We choose an increment Az equal to h,
the thickness of the shell, thus dividing the length of the
cylinder into 36 increments.

We obtain a value of 30,805 rad/sec for the highest funda-
mental frequency co by using n = 0 in Eq. (50). The funda-
mental frequencies for the other values of n are found from
Eq. (51) to be 24,625 rad/sec fo rn = 1; 19,196 rad/sec for
n = 2; and 11,684 rad/sec for n = 4. The periods corre-
sponding to these frequencies are 20.4 X 10~5 sec for n = 0;
25.5 X IO-5 sec for n = 1; 32.7 X 10~5 sec for n = 2; and
53.7 X 10~5 sec for n = 4. With the chosen value for Az, we
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Fig. 5 Plot of 117(2189 t) at 0 = 0 for illustrative example.

find solutions to be unstable for chosen values of A2 ^
0.20 X 10~5 sec. We find solutions which are in agreement
and stable for chosen values of 0.15 X 10~5, 0.125 X 10~5,
and 0.0625 X 10~5 sec for A£. No solutions were attempted
for values of At < 0.0625 X 10^5 sec. With the chosen Az
and either of the three latter choices of A£ we obtain, after
solving our system of equations for each of the four Fourier
components of loading, values of the fundamental variables
at the selected points of interest on the shell by use of Eqs.
(11-18). Values of the stress resultants other than the funda-
mental variables are obtained from Eqs. (19-24).

We illustrate the results of our solution through the half
fundamental periods for all participating Fourier components
by showing for the meridian 6 = 0 values of w(z\^t) obtained
by using both At = 0.125 X 10 ~5 sec and At = 0.150 X 10^5

sec in Table 1. For comparison purposes we find the value of
this function under a static application of the loading shown
in Fig. 4 to be -1.0647 X 10~2 in for the meridian (9 = 0.
We obtain this static solution by setting At equal to infinity
and solving the equations for the first time step. It is seen
from the results shown in Table 1 that the solutions obtained
by use of At = 0.125 X 10~5 sec and At = 0.150 X 10~5

sec are in agreement. To illustrate graphically the nature of
the shell response we show through the half fundamental
periods for all participating Fourier components, for the
meridian 0 = 0, plots of w(z\^t) and Q(z0,t) in Figs. 5 and 6,
respectively.

The results shown in Table 1 and in Figs. 5 and 6 for the
typical example indicate that very good solutions for the re-
sponse of rotationally symmetric shells under time dependent
loadings and boundary conditions may be obtained by the
finite difference representations which have been used. The
determination of an appropriate At to be used with a given
Az constitutes the only difficulty in obtaining stable solutions
for given shell geometries and loadings. For the illustrative
example a At for which the solutions were stable was found
with the fourth trial value. After solving a few examples
with the program it should be possible to establish a range of
values of the parameter /x for which solutions are usually
found to be stable. Thus, it is expected that a very good
value for At can then be chosen initially. It should also be
noted that any instabilities usually manifest themselves in the
results obtained after not more than five or six time steps.
Thus, no lengthy computations need to be made with an un-
suitable At. Additionally, for the second choice of At, the
solutions should be made for perhaps not more than twenty-
five time steps to verify the stability of the solutions.

The results obtained for typical examples with different
choices of At agree generally to three, four, and five significant
figures for the several dependent variables. This accuracy
may be increased as much as desired by increasing the order
of the finite difference representations, particularly on the
boundaries of the shell, or by suitably reducing the size of the
increment Az. By suitably reducing the sizes of the incre-
ments Az and At, we may also take into account the exciting of

15.0 20.0 25.0
t ( I 0 ~ 5 sec)

30.0 35.0

Fig. 6 Plot of ()(*o, t) at 6 = 0 for illustrative example.

vibration modes of still shorter wave lengths and higher fre-
quencies. The solutions can also be refined by considering
inertia forces in the circumferential direction of the shell in
addition to the inertia forces transverse to the middle sur-
face and along the meridian of the shell already considered.
This would yield an additional explicit expression for Uen(z)t))
and the number of equations to be solved for the remaining
unknown quantities at any time increment would be cor-
respondingly reduced.

With the program which has been written, all equations are
solved to single precision. In the process of checking the solu-
tions obtained for the illustrative example it was found that
results obtained by using double precision in the calculations
agreed with the results found by using single precision. Thus,
it is expected that single precision calculations will be suf-
ficient for most shell problems. We conclude that the finite
difference methods employed here constitute a most expedi-
tious procedure for the dynamic analysis of shells.
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